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KIVONAT

Az elmult évtizedekben a piléta nélkiili 1égijarmiivek (Unmanned Aerial Vehic-
le, UAV) egyre népszeriibbé véltak civil és akadémiai alkalmazasokban is, mint
példaul felderités, druszallitds, geofizikai adatgytijtés, mentési mfiiveletek vagy
éppen mezdgazdasagi célu felhasznédlas. Az el6relépés nemcsak a technikai mo-
dernizdciénak koszonhets, hanem a szélesebb korti felhaszndlhatésdgnak, ami
nagyban a hagyomdényos navigaciés modszerek innovacidjanak koszonhets. A
UAV-k jovére gyakorolt hatdsa azon is mulik mennyire tudnak jol navigalni GPS
(Global Positioning System) nélkiili kornyezetben példdul kimarado, zavart (jam-
ming) vagy hamisitott (spoofing) jelek esetén.

Dolgozatom kozéppontjdban egy vizudlis-inercidlis navigaciés algoritmus
all. A tanulmany soran megvaldsitott rendszer célja meghatdrozni egy légijarmi
pozicidjat, orientacidjat, sebességét és a gyorsulds és szogsebesség szenzor bias
értékeit inercidlis szenzorrendszer (Inertial Measurement Unit, IMU) mérések és
mono kameraképek alapjan. A javasolt rendszer egy hiba dllapot Kdlman-sz{ir
(Error-State Kalman Filter, ESKF) alapt keretrendszerben hajtja végre az IMU és
a kamera adatok integracidjat. Az IMU mérésekbdl a repiil6gép pozicidjat, sebes-
ségét és orientdcidjat lehet becsiilni, amelynek hibéjat a kamera képekbdl nyert
informécioval korrigdlom. A korrekci6 soran felhasznélt jellegpontok pozicidjat
haromszogelés ttjan szdmitom, amelyhez egy tn. LOST (Linear Optimal Sine Tri-
angulation) médszert alkalmazok. Az algoritmus tesztelése tigy torténik, hogy a
kezdeti allapotban ismert GPS koordinétakat feltételezek, és ez id6 alatt mar meg-
kezdédik a jellegpontok poziciéjanak optimalizécidja, amelyeket az ESKF frissi-
tési fazisaban hasznalok fel. Késébb a GPS koordindtdk mar nem ismertek, ezért
az ESKF becslésekbdl torténik az Gjabb jellegpontok poziciéjanak optimalizacio-
ja, azok alapjan pedig a frissités. Munkamban megvizsgdlom a mddszer pontos-
sadganak korlatait, és azt is, hogy a GPS jel elvesztése utdn meddig ad kielégitd

pontossagot csak a vizudlis-inercialis navigdacio.
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Osszefoglalva, a dolgozat bemutatja az algoritmus fejlesztését, amely fuzi-
ondlja az inercialis és vizudlis adatokat, valamint az ehhez sziikséges elméleti
alapismereteket és matematikai médszertanokat. Az alap algoritmusokat (ESKF
és LOST) szakirodalombdl vettem, amelyeket sajat rendszerbe integraltam. A ku-
tatds sordn el6szor egy szimulaciét hoztam létre, amelyet fokozatosan kozelitet-
tem a val6sagos koriilményeket leginkabb modellez6 kornyezethez. Az igéretes
szimuldcios eredményeket kovetéen f6 célom az elkészitett navigaciés rendszer

tesztelése lesz szintetikus vagy valos felvételeken.



ABSTRACT

Over the past decades, Unmanned Aerial Vehicles (UAVs) have become increas-
ingly popular in both civilian and academic applications, such as exploration,
cargo delivery, geophysical data collection, rescue operations, and agricultural
purposes. This expansion required not only technical modernization but also ad-
vancement in traditional navigation methods. The future impact of UAVs also de-
pends on their ability to navigate effectively in GPS (Global Positioning System)-
denied environments, for example, scenarios involving signal dropout, jamming,

or spoofing.

My work focuses on a visual-inertial navigation algorithm. In this study, the
implemented system’s goal is to determine an aircraft’s position, orientation, ve-
locity, and bias values of the accelerometer and gyroscope based on measure-
ments from an Inertial Measurement Unit (IMU) and monocular camera images.
The proposed system performs the integration of IMU and camera data within
an Error-State Kalman Filter (ESKF) framework. The aircraft’s position, velocity,
and orientation are estimated from IMU measurements, and these estimates are
corrected with the information obtained from camera images. During the correc-
tion, the positions of feature points are computed through triangulation using a
method called Linear Optimal Sine Triangulation (LOST). The algorithm is tested
as follows: in the initial stage the GPS coordinates are assumed to be known, and
the optimization of feature point positions begins this time, and they are utilized
in the ESKF update. Later, when GPS coordinates are no longer known, the op-
timization of feature point positions is based on the ESKF estimates, and these
optimized values are used in the update. In my work, I examine the limitations
of the method’s accuracy and investigate how long it can provide satisfactory

accuracy after losing the GPS signal, relying only on visual-inertial navigation.
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To summarize, the thesis presents the development of an algorithm that fuses in-
ertial and visual data besides the required theoretical background and mathemat-
ical foundations. The utilized algorithms (ESKF and LOST) were chosen from the
literature and integrated into the newly developed system. I applied a simulation
environment and a gradual approach during the development process, starting
with ideal conditions and incrementally introducing more realistic elements to
the simulation. After achieving promising simulation results, my primary ob-
jective in the future is to test the developed navigation system on synthetic or

real-world footage.
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CHAPTER 1

INTRODUCTION

Until the early 2000s Unmanned Aerial Vehicles (UAV) have been limited to the
defense and military industries, because of the high costs and the complexity of
constructing these vehicles. Nevertheless, they have become cheaper and more
available in several civil and academic applications over the past decades. They
have not just turned more common, but their capabilities have dramatically in-
creased, therefore they are more popular and widely used in applications such as
rescue operations [1], data collection and geophysics exploration [2], inspections

[3], and agricultural purposes [4].

This expansion required not only technical developments but advancement in
traditional navigation methods, where Global Positioning System (GPS) is com-
bined with Inertial Navigation System (INS), creating GPS-INS system [5]. The
small unmanned aircraft’s future impact depends on how well they can navi-
gate in GPS-denied environments such as narrow city corridors or circumstances
with GPS disturbance or spoofing. Inertial measurements by themselves can be
used to estimate the position of the aircraft respected to a known initial position,
but they will accumulate errors over time, especially with low-cost Inertial Mea-
surement Unit (IMU) sensors. This phenomenon is usually called drift because

estimated values drift away from the true values with time.

In order to give a better estimation of the position in most GPS-free applications
exteroceptive sensors are used such as cameras, laser scanners, distance sensors,
etc.. The type of used sensor mostly depends on the kind of vehicle. For example
only considering UAVs, a multirotor drone has completely different aircraft dy-
namics, mission profile, and sensing requirements compared to fixed-wing air-

craft. Since fixed-wing aircraft usually fly at high altitudes above the environ-



ment with relatively high speeds, distance sensors are ineffective. In this case, the
most common approach is using cameras for instance, both [6] and [7] leverage
visual information captured by cameras and integrate this data with measure-
ments from an IMU to estimate the motion of the aircraft. When an algorithm fails
to close the navigation loop, particularly in the absence of external absolute posi-
tioning references like GPS, it results in the estimates drift, which emerges due to
the algorithm’s inability to establish consistent and accurate reference points or

constraints, thereby leading to unbounded cumulative errors over time.

The measurement fusion and sensor noise filtering can take place in an Extended
Kalman Filter (EKF) framework because typically these are nonlinear systems.
EKFs can be used on any kind of vehicle including robots [8], Unmanned Aerial
Systems(UAS) [9, 10], etc. They can account for both sensor errors and process
uncertainty, but it is important to note that these methods only work well when
errors remain small, e.g. when the availability of GPS measurements makes it
possible to regularly remove drift errors. When GPS or any other global measure-
ments are unavailable for a longer period of time, the global position and yaw
angle of the aircraft is unobservable, which eventually leads to the divergence
of estimates [11, 12]. In addition, if an EKF receives a global measurement after
significant drift errors have accumulated, nonlinearities can complicate the uti-
lization of the measurement, and it could result in large jumps in the estimate, in
some cases it can even lead to filter divergence. This is because the local lineariza-
tion of the measurement equations around the drifted states is applied, which can

present incorrect dynamics.

In recent years a new method was proposed called relative navigation [13, 14],
which is able to handle these observability and consistency problems. With exte-
roceptive sensors we are able to navigate with respect to the surroundings, hence
this method can be divided into a relative front-end and a global back-end, the
complete architecture is shown in Figure 1.1. The front end provides an estima-
tion of the state relative to the local environment, while the back end is basically
an optimization algorithm, which uses the calculations of the front end to pro-

duce global estimates. Several important observability and computational bene-
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Figure 1.1: Block diagram of relative navigation ([7]: page 2, Figure 2)

tits are obtained by dividing the architecture into a relative front end and a global

back end:

e The front end calculates the estimate relative to a local frame, where the
states can remain observable and the uncertainty can be accurately repre-
sented by a Gaussian distribution. This enables the utilization of the com-
putational advantage of an Error-State Kalman Filter (ESKF), which is a bet-
ter solution, than an ordinary EKF because it calculates the nominal state
according to the original non-linear dynamics, therefore the linearization

around this state is a better approximation.

¢ On the other hand, the back end uses a graph that can effectively represent
nonlinearities in heading and can be robustly optimized with additional
constraints, such as opportunistic global measurements or place recogni-

tion.

In this paper, a visual-inertial navigation algorithm will be presented, which is
based on [7]. The target UAV is a fixed-wing aircraft called Sindy, shown in Figure
1.2.

1.1 Structure of the paper

To sum up the involved steps during the project, the primary objective was to

integrate a visual-inertial ESKF into a simulation that was already available to
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Figure 1.2: Realistic drawing of Sindy ([15]: title page)

me. The simulation consisted of a grid of feature points, and the goal was to
use an ESKF-based algorithm to estimate the aircraft’s state while flying along
a predefined trajectory. I followed a gradual approach in the development pro-
cess, starting with ideal conditions and incrementally introducing more realistic
elements to the simulation. These included IMU- and measurement- noises, sen-
sor biases, and pixelization. Firstly, I implemented the previously described filter
with known 3-D coordinates of the measured feature points, but later a triangula-
tion method was implemented called Linear Optimal Sine Triangulation (LOST).
The next step involved the insertion of the LOST estimates into the ESKF frame-

work.

The paper is structured as follows: Chapter 2 provides an introduction to several
fundamental mathematical concepts that are crucial for comprehending our ap-
proach. In Chapter 3, the mathematical foundations of the filter are explained,
and the steps of the filter are detailed. Chapter 4 focuses on the introduction of
the applied triangulation method called LOST. Chapter 5 is devoted to introduc-
ing the integration issues of ESKF and LOST. Chapter 6 presents the estimation
results in Matlab/Simulink environment. Finally, Chapter 7 offers a summary of

the work, and highlights certain future development steps.



CHAPTER 2

MATHEMATICAL FOUNDATIONS

Before I would delve into the details of the visual-inertial relative navigation al-
gorithm, it is important to establish theoretical foundations. This chapter sum-
marizes the mathematical preliminaries that are essential for understanding how
the algorithm works. It covers key concepts about coordinate systems and cam-

era projection, and introduces an alternative method of rotation representation.

In my approach, filter-related mathematics uses four frames for the mathematical
notation: Earth (E), node (N)-, body (B), and camera (C) frame. These are shown

in Figure 2.1.

Xp

ZE

Figure 2.1: Applied coordinate systems



The Earth frame means an Earth fixed frame, and the Nort-East-Down (NED)
coordinate system is chosen for this purpose in such UAV applications where
the vehicle covers only a few kms. The node frame is a locally declared fixed
frame, which usage is necessary for relative navigation methods since the filter
produces estimates in this frame. The body- and camera frames are detailed in

the following sections.

2.1 Navigation frames

The purpose of using different kinds of frames is to facilitate the kinematic mod-
eling of UAVs. To effectively study UASs, it is crucial to comprehend the relative
orientation and translation of different coordinate systems. Multiple frames are

required for several reasons:

* The motion of the aircraft is most easily described in a body-fixed frame,
however, Newton’s equations of motion are derived relative to a fixed, in-

ertial reference frame.

* The body-fixed frame is also used to express the aerodynamic forces and

moments that affect the aircraft.

* On-board sensors such as accelerometers and gyroscopes measure concern-
ing the body frame. This is essential in the case of strap-down IMUs since

they provide accelerations and angular rates with respect to the body frame.

¢ Finally, the mission requirements of the aircraft, e.g. flight path require a

global frame too.

2.1.1 North-East-Down reference frame

The NED coordinate system has emerged as a standard in UAV applications over
limited distances, typically spanning a few kilometers. Notably, this reference
frame is conventionally anchored to a stationary point on Earth, affording its
use as an inertial reference frame in analytical computations. Consistent with

its name, the NED system aligns its X-axis with the geographic north, its Y-axis

6



with the east, and its Z-axis points inwards to the Earth. Its X-Y plane is the local

tangent plane of the Earth’s ellipsoid.

The front end of relative navigation methods adopts the node coordinate sys-
tem as an inertial frame, a crucial precondition for the functioning of the filter.
The node frame remains locally fixed and undergoes redeclaration following each
measurement. The back end of the system facilitates the derivation of global esti-

mates, such as NED coordinates, utilizing the outcomes yielded by the filter.

2.1.2 Body frame

The body coordinate system is the most important besides the inertial frame. It
appears directly in the kinematic equations, therefore it is crucial to understand
properly how it is defined and what is the relation to the inertial frame. The origin
is the center of the mass of the aircraft, and at this point, I would like to highlight
the fact in almost every application the IMU is placed here. The axes of the body
frame are defined as follows: the X-axis points out the nose of the aircraft, the

Y-axis points out the right wing and the Z-axis points downwards.

Once the coordinate system has been defined, it is necessary to mention the re-
lation to the inertial frame. The most commonly applied approach to obtain the
orientation of the aircraft in the NED system is to express it with Euler angles
which means three rotations one after another. Defining the Euler angles I use
the same terminology as in [10], their approach is to introduce three additional
coordinate systems: vehicle, vehicle-1, and vehicle-2. They are shown in Figure

2.2a-2.2d.

The vehicle frame is basically the NED coordinate system with shifted origin into
the center of mass, vehicle-1 frame is rotated with the yaw angle (1) around the
Z-axis of vehicle frame, vehicle-2 frame is rotated with pitch angle (6) around the
Y-axis of vehicle-1 frame, and body frame is rotated with roll angle (¢) around
the X-axis of vehicle-2 frame. To summarize, the resulting rotation can be defined

as:



i’ (north)
A
| ivl
|
|
|
|

i’ (north)

j¥ (east)

k"’ (into the earth center)

(a) Vehicle (b) Vehicle-1

|
K*2 ¥ K

k! i
(c) Vehicle-2 (d) Body frame
Figure 2.2: Frames to define Euler angles ([10]: pages 13-15, Figures 2.4-2.7)

Rpv (¢,6,1) = Ry, (x, )Ry, (v, )Ry, v (2, 9)
CoCy CoSy S,
= |5456Cy — CySyp SpSeSy + CsCyp SpCeo | -
CpSoCy + 45y CpSeSy — S4Cyp CyCo

(2.1)

where C, is shorthand for cos(«) and S, for sin(«).

Finally, I would like to mention the usage of homogeneous transformation is
widespread regarding vision-based applications, thanks to the fact it allows the
calculation of three-dimensional (3D) coordinates from one frame to another
with a single matrix multiplication. With known translation rgp and rotation
(Rge = Rpy) between the Earth frame (NED) and body frame, the homogeneous

transformation can be expressed as:

Hpe = (2.2)



The transformation can be applied as:

Rpe rep| |V Rpgve + 1eB
Hpe = ‘I = ‘ (2.3)

ol 1 1 1

2.2 Camera frames

It is important to say a few words about camera-related frames and transforma-
tion in view of the fact that, camera pictures are used to improve navigation. I
would like to clarify that, we distinguish between a camera- and an image coordi-
nate system. This means that a point with known coordinates in the Earth frame
can be projected onto the image plane with two operations: a transformation is
needed from the Earth frame to the camera system and after that, a projection is

needed.

2.2.1 Camera system

Itis very important to determine the transformation from body-to-camera system
with sufficient accuracy. Generally, the camera is not placed in the body center,
therefore the transformation first requires a translation with rpc. Since navigation
happens with respect to the surroundings an at least partially downward-facing
camera is mandatory, which means a rotation is needed around the Y-axis of the
body frame. Furthermore, the axes of the camera system are defined differently,
than the axes of the body frame, therefore an additional operation is essential to
change the axes. Figure 2.3 shows why the swapping is needed: almost every
application defines the axes of the camera system as follows: the X-axis points to
the right, Y-axis points to the bottom and Z-axis points out of the principal point

of the image.

It means that the basis vectors of the rotated body frame should be transformed

as outlined below: 17;7 = EC, f{? = ?C and Eg = fc, the transformation from body-to-



image plane X
'a://

camera center (\ principal axis

principalp>

Y
Figure 2.3: Camera and image system ([16]: page 7)

camera frame:

0 1 0| [cos(B) 0 —sin(p)
Tcp =SRep(y,p) = |0 0 1 o 1 0

:1 0 0| [sin(B) 0 cos(B) 24
0 1 0

= [sin(B) 0 cos(B) |-
cos(B) 0 —sin(p)

where S stands for the axes swapping transformation, and B is the angle between
the camera and the body. Considering the translation the homogeneous transfor-

mation can be written in the form of:

Hep = [TCB ch] 2.5)

2.2.2 Pinhole camera projection

Here and now, every known point in the Earth frame can be transformed into the
camera system with the usage of (2.2) and (2.5). The next task is to determine the
pixel coordinates of the point in question, and this requires a projection h(.). For

the simulation, the most simple model was chosen, the pinhole camera projection

10



model. The pinhole model framework describes the aperture of the camera as a
point, therefore the lens distortion errors are neglected. As it can be seen in Figure

2.3, the model only requires two parameters:

1. The focal length (f) which shows the distance between the camera center

and the image plane.

2. The second parameter is the principal point which is typically near the cen-

ter of the image, however, it is a bit shifted in real cameras.

With the mentioned parameters, the transformation includes the normalization
of points with their distance from the camera center and the projection onto the
image plane. In the pinhole framework, the transformation of the normalized
points can be specified with a camera matrix, which can be derived from pinhole
parameters:
f 0 px
K=10 f py (26)
00 f

Using (2.6) the whole projection is defined as:

f 0 px ;C_E ;C_z + Px u
p |l — c —
h(pc) = KZ_CC =10 f py Z—C = Z—C TPyl =

v (2.7)
00 f][1 f f

As a final point, I would like to emphasize that the (2.7) transformation can deter-
mine the image coordinates of every three-dimensional point, but a real camera
has limitations which can be described either with the image size (W, H) or the

FOV angles.

2.3 Quaternions

Before embarking into the ESKEF, it is worth mentioning a few words about

quaternions. Originally formulated in [17] by Sir William Rowan in the 19th

11



century. Nowadays, quaternions have found extensive applications in various
y y

domains, including computer graphics, robotics, and aerospace engineering.

In this paper, I adopt the same mathematical representation for quaternions as
described in [18]. Quaternions belong to the extended complex number space,
which includes two additional imaginary units, namely j and k, in addition to
the real and imaginary unit i. As a result, quaternions can be represented by

four-component vectors:

T
q=a+bi+ci+dk:[a b ¢ d} = | , (2.8)

9o
where q is a quaternion with a, b, ¢, and d parameters. The quaternion can be
expressed as a column vector or as a combination of the scalar component g, and

the vector component qy.

It is noticeable that, while regular complex numbers of unit length (z = ')
are able to encode rotations in the 2D space, quaternions of unit length (q =
el +uyj+uzk)8/2y can encode rotations in the 3D space. These quaternions can al-

ways be written in the form:

_[e=(8)

1= sin(%)u ,

where u is the rotation axis and 6 is the angle of the rotation. The rotation can be

(2.9)

performed on the 3D vector v by the following operation:

=q® ®q°, (2.10)

where ® is the Hamiltonian-quaternion multiplication, and q* is the conjugate of

q.

12



The composition of two rotation, described byq4p and qpc quaternions can also

be evaluated using quaternion product:

qac = q4B @ qBC (2.11)

Further definitions and important formulas relevant to this paper are provided

in Appendix A.

Finally, I aim to justify the significance of quaternions in the field of computer
calculations. The first striking benefit is that quaternions offer a compact repre-
sentation of rotations, requiring only 4 parameters. In contrast, rotation matrices
necessitate 9 parameters. Another advantage of quaternions is their ability to
ensure more stable and accurate computations by avoiding singularities and mit-
igating the issue of gimbal lock, which can occur both for rotation matrices and

Euler angles.

13



CHAPTER 3

INTRODUCTION OF THE APPLIED

FILTER TECHNIQUE

Upon laying down essential mathematical foundations, the subsequent focus
shifts toward introducing the chosen filter technique. In visual-inertial projects,
various approaches are available to filter measurements and estimate the sys-
tem’s state. Many of these approaches are a modified Kalman filter. The basics
of the implemented filter are based on the ESKF, which stands as a remarkable
method for filtering and estimating nonlinear systems. The basic algorithm is

taken from [18], but with three major differences:

1. I didn’t insert the gravitational constant (g) in the state vectors x, dx to es-
timate UAVs usually fly small distances and the gravitational acceleration

can be assumed constant.

2. The velocity vector v is body-fixed in my approach, making it v;,. On the
contrary, the mentioned literature uses an inertial frame fixed velocity vec-

tor.

3. In their method, the rotation described by quaternion q and rotation matrix
R{q} = R ! stands for the body-to-earth rotation, while in this paper ro-
tation stands for the inverse transformation, earth-to-body transformation
to match the conventional Euler angle representation of rotation commonly
applied in aerospace. This impacts the formulation of the mathematical

equations, but in most cases, the equations have symmetrical properties.

n this paper, R{q} detones the rotation matrix obtained from quaternion.

14



3.1 Error-state kinematics

In IMU-driven systems the goal is to create a filter framework, that integrates
the accelerometer and gyrometer readings considering their bias and measure-
ment noise. As I previously detailed the IMU measurements only themselves
cause drift in their estimate, therefore they should be fused with absolute posi-

tion readings such as GPS or vision.

One of the tools which can be used for this purpose is the ESKFE, which has mul-

tiple advantages if applied for nonlinear systems:

* The error state always operates close to the actual system state, thus the

linear Kalman filter approach can be applied to the error-state.

¢ All second-order products are negligible because the error-state always re-

mains small. This makes the computation of Jacobians very easy and fast.

* The dynamics of the error-state are slow, due to all large-signal dynamics
being integrated into the nominal-state. This results in a highly beneficial
property: the KF corrections can be applied at a lower rate, than the predic-

tions.

3.1.1 Kalman filter states for IMU driven systems

The objective is to estimate the position of the aircraft, which requires to use of
the kinematic equations of the aircraft. The kinematics expresses the relationships
among position, orientation, velocity, acceleration, and angular velocity. Whereas
acceleration and angular velocity are utilized as IMU measurements, the state in-
cludes position, velocity, and orientation. Moreover, it is supplemented by esti-

mating the biases of the sensors.

The position and orientation of the body are expressed in a fixed frame, which
is usually the node frame in relative navigation projects, but currently, the devel-
oped system doesn’t implement a backend, therefore there is no purpose for the

usage of the node frame. So from now on the localization frame is considered
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NED. On the contrary, the velocity and the biases are body-frame fixed, which

results in the state vector:

3.1.2 ESKTF states

Pn
qn

B.
B

3.1)

In the ESKF framework, there are three different states: true- (x;), nominal- (x),

and error-state (6x). In Table 3.1 all of the ESKF variables are summarized.

True | Nominal Error Composition | Noise | Measured
Pn,t Pn (SPn Pnt =Pn+ 5Pn
1
qn,t qn 5qn ~ 1 qn,t = 5q X qn
150
Vit \s! (SVb Vpt = Vp + 5Vb
ﬁa,t ﬁu 5ﬁu ﬁu,t = ﬁu + 5ﬁu 11[3,1
:Ba),t :Bw 5:Ba) ﬂa),t = :Bw + 5ﬁw ’Iﬂw
0]
R; R R =¢ x R; = /RR
as Na am
wt Nw W

Table 3.1: ESKF states and inputs

The states are divided in such a way that the large-signal dynamics are assigned

to the nominal state, while the small-signal dynamics are assigned to the error

state. A few comments on the table:

* The relation between the error- quaternion and rotation vector was pre-

sented, using the formula defined in Appendix A.1, then approximating

cosine and sine as above, because 60 is always near 0.
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¢ The body referenced measurements are a,; and w,. Their values are cap-

tured as noisy IMU measurements, therefore:

am=ar—Rig+B,,+1, (32)

Wy = Wi+ ﬁw,t + 1,
From above the true values can be obtained, and substituting nominal- and
error- values into true variables:

a da

—— ———
a;=ay — B, +Rg—06B, — 1,

3 S (3.3)
—T——
wt = wm — B, —0B, — N,

* The biases small-signal dynamics é6B,, B are represented with Gaussian

white noises #g,, 1, just like the measurement noises #,, 7/, -

* The true rotation matrix can be approximated by composing the nominal
rotation matrix with power series because dR can be written in Taylor-series.
The (3.4) approximation is detailed in B.1, but the formula is provided here,

therefore neglecting the second- and higher-order terms, it yields:

R; = ORR = (1 + [(se} ) R + O(]|06| ?) (3.4)

True-state

The dynamics of the true state can be described by the following equations:

Pnt = R vy, (3.5a)

. 1 0

In,t = > & qn,t (3.5b)
—((Um - ﬁw,t - ”w)

vb,t = am — ﬂa,t — 1, + Rtg + [Vb,t] % (wm - ﬁw,t - ”w) (35C)

Bt =1, (3.5d)
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Bui = g, (3.5¢)

The (3.5b) is the time derivative formula of quaternion, and detailed in Appendix
A.2. The (3.5¢) also requires some explanation because this equation applies the

rule of vector derivative in rotating frames compared to an inertial frame:

d 4wy X V= d 4+ Vv X w (3.6)
—V=—V X V= —V=—V+V i) .
dt,  dt b/i dt,  dt b/
where the anti-commutative property of the cross product was used (wy/; X v =

—V X wy/;). In (3.5¢), the cross product is expressed in matrix form with the skew

operator H , which can be constructed as:
X

0 —a; ay
[a] = a 0 —ay (3.7)
X
ay  ay 0

Nominal-state

The nominal-state corresponds to the modeled system without noises and per-

turbations:

pr=R'v, (3.8a)
Qn = % _Ow ® qn (3.8b)
vy, =a+ Rg+ [Vb} LW (3.8¢)
Boi =0 (3.8d)
By =0 (3.8¢)
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These equations reflect the dynamics of the system with slowly varying biases,
which is beneficial because allows the integration of large-signal dynamics into

the nominal-state.

Error-state

The error-state equations are derived by using the previously defined true- and

nominal-state equations. The equations governing the error-state are as follows:

5pu = RT6v, + RT {vb] 48 (3.9a)

60 = — |wn + B, | 00+0B,+1, (3.9b)

6vo = — [Rg| 0~ [wn—B,| ovi—oB,—[vs] 9B, a5
-

B, = 1, (3.9d)

6B, = 11, (3.9¢)

The calculations are detailed in Appendix B.2.

3.1.3 Error-state kinematics in discrete time

The previous equations are defined in continuous-time, but computer implemen-
tations use a discrete-time model. To incorporate discrete time intervals At > 0,
the differential equations mentioned earlier must be transformed into difference

equations through integration.

The integration method may vary, since in certain cases, exact closed-form solu-
tions can be utilized, while in other cases, numerical integration techniques with
varying degrees of accuracy may be employed. Generally, we could say the equa-
tions have a deterministic part related to state dynamics and control, on the other

hand, there is a stochastic part related to perturbations and noises. In this case,
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the same method will be presented as in [18]: the deterministic part integrated
according to the ZOH method, and the stochastic part modeled as random im-
pulses applied to the velocity, orientation, and bias estimates. This results in the

nominal-state equations:

Prji+1 = Pk + RTvy At + %RT (ak + Rg + [vb/k} . wk> At? (3.10a)
Qi1 = q{—(wm — B,)At} @ qui (3.10b)
Vikil = Vor+ (ak +Rg+ |vie| wk) At (3.100)
Boji1 = Bak (3.10d)
Beoi+1 = Buk (3.10e)

The position is integrated both from velocity and acceleration, and the rotation
from angular velocity. The last one is given in a closed form assuming that the
angular velocity is constant during the sampling interval. Using the same in-
tegration approach complemented by the integration of the stochastic part, the

error-state equations result as:

56111 = R{— (Wi — By k) DE}OB + 0By, (At + 6, (3.11b)

5Vb,k+1 = 5Vb,k + (— [Rg] y 60 — [wm,k — :Bw,k] y 5Vb,k

(3.11¢)

0B~ [Vb,k] y 5l3w,k) At — [Vb,k} ik =ik
OBuji1 = OBox taik (3.11d)
OBuji1 = 5ﬁw,k + Wi (3.11e)

0;, vy i, a; and w; are the random impulses which form the stochastic part of the
equation. Hence, they are modeled as Gaussian white noises, the negative sign

freely can be changed to a positive. Their covariance matrices are integrated as
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(see [18] Appendix E for details):

0, = U%WAIQI
Vi = o; AP
(3.12)
A= aéaAtI
Q; = oj Al

3.2 Measurement equation

The measurement equation is based on the fundamental concept that the system
can acquire pixel coordinates of feature points as measurements. In order to form
the residual, the predicted pixel coordinates must be determined for each feature
point. This can be accomplished through the application of the pinhole equation
(2.7), which leads to:

u

h(Tea(Rue(ph — ph) — p§) = h(pl) = |o] (3.13)
f

where pf,; denotes the feature position in NED frame, p{ means the feature po-
sition in camera frame and pj describes the camera origin in body frame. The
transformation above requires the usage of both the state (p}, q%) and p{;, thus,

linearizing the measurement equation yields two Jacobians, but in this chapter,

only the Jacobian with respect to the state is discussed.

3.3 ESKF framework

The ESKF is a special version of the Kalman filter, that contains two state vectors:

one for the nominal- (x;) and the other for the error-state (6xx) vector. The system
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is governed by the input u; and the noise perturbations i:

Pnk (Spn,k _91'_
9k 0 ek
Ay k . Vi
Xk - Vb,k , 5Xk - 5vb,k ’ uk — , 1= (3.14)
Wi k a;
ﬁu,k 5ﬁa,k
Wi
_ﬁw,k_ _(sﬁw,k_ S

3.3.1 Prediction step

One of the best properties of the ESKF framework is that during the prediction
steps the nominal state can be calculated by the original nonlinear equations
(3.10), but the error-state has to be linearized. The transition- (F,) and noise ma-

trix (F;) can be derived from (3.11), where dx; 1 = f(dxy):

of
F = — =
* a(SXk
I RY [vy| ot RTA 0 0
0 R{—(wpur— By i)t} 0 0 IAt (3.15)
0 ~ |rg| A L= [~ Boy| A —IAF = |v,e| At
0 0 0 I 0
0 0 0 0 I
[0 0 0 0]
I 0 0 0
of
Fi=5=|—|v -100] (3.16)
0 0 I 0
0 0 0 I

where I,0 € R3*3. Now the error-state dynamic is:

O0xgr1 = Fxox; + Fii (3.17)
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Using formulas from above and denote equations in (3.10) with f(.) the predic-

tion step involves:

Xer1 = f(Xk, ug) (3.18a)
0%p 11 = Fro%y (3.18b)
P, = F,P,FL + F,Q;F] (3.18c¢)

Here, 0% is the mean of the error-state, therefore 6x ~ N (6%, P). It is noteworthy
to mention that the error-state is modeled with Gaussian white noise, therefore

its prediction is always 0.

3.3.2 Update step

Here, I just focus on how the measurement Jacobian of the error-state is calcu-
lated. The most straightforward approach to do that for a feature point involves
the utilization of the chain rule.
H. — oh(pl) _ an(pl) apl ox,
=

85)( - ap{ aXt 85X = JthXJx/ (319)

f

where £ is the nonlinear transformation that projects p; onto the image plane.

Jacobian of the pinhole model with respect to feature point

The Jacobian of the projection is calculated by linearizing (2.7), whereas the trans-
formation results in a 3-element column vector, and the point has 3 coordinates
the Jacobian should be a 3 x 3 matrix, but the last row leads to only zeros which

are not very useful, therefore it is neglected:

ahla<p{> ahla<p{> ahla<p{> Lo _fx
— | % y N z 3.20
V=V onmh) amfpl) aned) 0o [ _fy (3.20)
ox oy 0z z z2 | |p!
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Jacobian of the feature point with respect to the true-state

The next step is to determine the derivative of p{ by the true-state. Since the fea-

ture point is known in the localization frame, its transformation into the camera

frame should be considered:

ap! _ dTcpR{q}} (p1 — ph) (3.21)
X ox¢ ' '

Here, p? and q!, are elements from the state-vector, just they got superscripts to
clearly mark they describe the position and orientation of the body frame. It can
be seen that there is no other state parameter in the expression, therefore further

derivatives result in 03,3 matrices. The derivative by p!, can be determined easily:

ap!

= = —TcpR{q) 3.22
Ip csR{qy} (3.22)
Calculating the derivative by the quaternion is tricky. Initially, the quaternion
rotation formula needs to be employed on (3.21), then the derivative should be
decomposed using the chain rule into separate components: one with respect to

the vector and the other with respect to the quaternion:

op! _ 99cp ©qx @ (ph—ph) © a4 ® 4l
aqn aqn a:p{zfp?é (323)
_9qcB @ (9n ®a®qy) ®qepodqn®a®q;,
9, ®a® qj aqn

Using results from Appendices A.3 and A .4, the outcome is:

ap!

oqn

= 2Tcp [qwa +q0 % a| qlala + qoa’ — aq] — g0 [a } (3.24)

The whole derivative by the true state results in a 3 x 16 matrix:

apl  ap!
Py, = {% % 03X9} (3.25)
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Jacobian of the true-state with respect to the error-state

Finally, 0x;/déx should be determined. All derivatives yield the identity block I3,
except for the quaternion. The Jacobian of the true quaternion with respect to the

error rotation vector is:

Ioqoq) . 1 o’
0 =5 MR LJ (320

Detailed calculations can be found in Appendix B.3, which leads to the Jacobian:

) Pu 0 ILb 0 0
Xt . . .
E = stx = : .. : =10 Q(5® 0 (327)
9B,
0 ... gt 0 0 I

3.3.3 Error injection into the nominal-state

After performing an update on the error-state, its mean has to be injected into
the nominal-state. All quantities require a simple summary of the nominal- and
error- states, except for the rotation which can be performed as a left-side quater-
nion multiplication by the error quaternion. These operations were provided in

Table 3.1, therefore the injection procedure:

Pn = pn +9p, (3.28a)
qn = q{06} ® qn (3.28b)
vy = vy + 0V (3.28¢)
B, = B, + B, (3.28d)
B. = B, + By, (3.28¢)

Next, the error-state gets reset, therefore its mean has to be removed, which is

done by the inverse operations above. I'm denoting this operation with dx* =
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2(0xx), which can be expressed as:

5p,; = opn — op, (3.29a)
0 of .
50T =2 (q{66} ® q{—06}) (3.29b)
I
6V = 6v, — dvy, (3.29¢)
By = 0B, — B, (3.29d)
6B =B, — B, (3.29)

In fact, the error-state is not directly estimated by the filter, as a result only the
mean and the covariance matrix have to be updated. Obviously, the mean resets
to zeros, but the covariance matrix update depends on g(.), thus the full error

reset:

ox =0 (3.30a)
P" = GPG’ (3.30b)

Here, G is the Jacobian matrix of g(.), defined as:

I3 0 0
og .
= 9 I 1 3.31
90X | 5 0 I+ [256] X 0 ( )
0 0 Io

Similarly to what happened with the update Jacobian before, all quantities result
in identity blocks, except the orientation part. The calculations related to the

formula above are detailed in Appendix B.4.
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CHAPTER 4

OVERVIEW OF THE TRIANGULATION

METHOD

In the previous chapter, the ESKF was introduced as a method capable of updat-
ing the state using camera measurements, provided that the precise localization
coordinates of visible feature points are known. However, in practical applica-
tions, assuming prior knowledge of the coordinates of these visible feature points
is often untenable. Consequently, there arises the need to estimate these coordi-

nates, a process commonly referred to as triangulation.

This chapter provides an in-depth look at the triangulation method applied in this
study, with a focus on its integration into our visual-inertial navigation system.
The foundation of this method draws from [19], utilizing the core equations as
described therein. However, their approach only takes into account uncertainties
in the camera measurements, but our system requires to consider uncertainties in

the states too.

The central objective of this chapter is to explain the key components and modi-
fications in the custom-made triangulation approach. In particular, answers will
be given to questions such as how position and orientation are involved in the

LOST equations, and how can be formed the recursive version of LOST.

4.1 Problem statement

The modern triangulation problem takes on one of two forms: intersection or

resection [20], shown in the figure 4.1.
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Measurements originate from
known vertices p; and p,.

INTERSECTION

RESECTION

Measurements originate from
unknown vertex r.

Figure 4.1: Illustration of intersection (top) and resection (bottom) forms of the
triangulation problem ([19]: page 3)

The main difference between the two formalizations is that the intersection as-
sumes measurements taken from known vertices and the goal is to determine
the position of a visible feature point (r). On the other hand, the resection prob-
lem supposes known visible vertices and aims to estimate the position where the

measurement was taken.

The intersection problem has many practical applications such as satellite orbit
determination [21, 22], and 3-D scene reconstruction usually called Structure from
Motion (5fM) [23, 24, 25]. The resection problem describes the vehicle localization
problem that is generally included in navigation applications [13, 14, 26]. In this
project, both forms are applied, because LOST is used to optimize 3-D coordi-
nates of visible feature points which basically means a 3-D reconstruction of the
environment. On the contrary, the Kalman filter update is the form of a resection
problem in the sense that the optimized LOST estimates are used to improve the

state estimates.
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4.1.1 Line of sight (LOS) measurements

The triangulation problem typically involves angles acquired through various
optical instruments. In vehicle navigation, angles are often derived from images
captured by cameras or telescopes. Regardless of the specific application, the an-
gle measurements obtained through these optical instruments describe the direc-
tion from the sensor to the observed point. In other words, they express the path
from one vertex of a triangle to another, and this direction represents a straight

line connecting these two points, commonly known as the "line of sight" (LOS).

Before I would delve into the details, it’s important to establish a few mathemat-

ical notation:

. [ul- v; f} T u; = Ku;, it is worth highlighting that the LOS measure-
ment can be derived from actual measurement using u; = K~ 'u;. How-
ever, it is important to emphasize that this transformation accounts for both
the adjustment of the principal point and multiplying the vector with the
focal length. Later merely introduces a scaling factor, which is inherently

resolved in LOST equations.

f
f u; Pci

[ . . . = — &
u; X a; X pC,l’ where a; Hqu Hp{lH

f

* p.; = pa;, where p denotes the range from the sensor to the observed point

4,2 LOST method

When more than 2 LOS measurements are available the polynomial methods do
not scale easily, therefore the LOST suggests a Maximum Likelihood Estimation
(MLE) solution for an unknown vertex (pﬁ). The linear system can be created
by double applications of the Law of Sines which trigonometric law relates the

angles and side lengths of a triangle.

The initial equation is the Direct Linear Transform (DLT) form of the Law of Sines.
This mathematical prescription removes the unknown scale ambiguity along the

LOS trajectory, achieved by utilizing the collinearity of the camera measurement
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and feature point position in the camera system:

p! = Ren(ph — p5) = Res(Ren(ph — pL) — pj) (4.1)
] bl = [u]  Rea(Rax(pf — ph) — p) =0 42

4.2.1 Covariance calculations

(4.2) is only true if every value is ideal. When only the noisy measurements and

nominal states are available, the right-hand side is no longer exactly zero:
[ui} 8 Pf = € (4.3)

€; can be calculated by applying the previously introduced error models which
are just an additional error in the case of body position and measurement noise,
but the Taylor series approximation for the rotation. Using the notation u; =

u + éu for the measurement model, the cross-product results in:
€ = [ui] y Rcndp) + [ul} y [pai + TCBPZ} y Tcpdl +p [al} . ou; (4.4)

In (4.4) there was used the property pa; = p{ , because p{ is not known apriori,
but the scaling factor can be calculated with applying the Law of Sines. Let’s

consider the intersection problem in Figure 4.1, the traveled distance can be de-

termined as d;; = P;sz,j — P = pZ,]. - PZ,i' and applying law of sines on vertex
PZ,]‘ and p£ :
IPeyll_ ldy 1l sing _ [1d; > ]
/] 1 f U ij = i
= L — . = = 7 4.5
sing  sinf = 05 = 1P, sin 6 |a; x ajl| (45)

where the DLT form of the law of sines was given. Note that the formula above

is only valid in consistent frames.
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Utilizing the position and orientation covariance and cross-covariance matrices

from the filter or GPS measurements and assuming no correlation between them

and the measurement noise (V), then the covariance of €; is calculated as:

T = “ul} Ren [ui} § [pai+Tc3Pi] e p [a"] x] ’

P(spglgg 06 x3
036 V

P, =E{eel} =T TT

4.2.2 The optimal solution

f

One may write the MLE problem to minimize € by variable py:

n
minJ(p}) = )" e/ P;'e;
i=1

(4.6)

(4.7)

Since P, is always rank deficient due to skew-matrices involved in its calculation

and also the pixel error is only 2-D, henceforth the approximation P, b Pl

will be used, where ™ denotes the Moore-Penrose inverse. After a short detour, I

return to (4.7) which after substituting (4.4) and considering only terms consisting

ol

T n
min](pﬁ) :p£ Y Rng,i [ui] y P [u,} y RCB(RBN,iPZ,z' + Pp)
i=1

n
+ (Z(RBN,iPZ,i +pj) Rac [ul} x P [ui] X RCN’i) P
i—1

T n
— PJ; (Z Ryc, PL RCN,z’) P£
i=1

Applying the 1° differential condition on (4.8):

dminJ(p})
op),

n
—2Y Ryc,i {uz} P [ui] . Res(Rpn,i(ph — ply) — p§) =0
i=1
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Rearranging the terms the linear equation system which has to be solved is:

($ e o] 22 o] e i

n
Y Rnci |ui| PZ |u RCB(RBN,iP2,1+Pi)
i=0 < %

(4.10)

4.2.3 Practical formalization of the estimator

The usual approach for solving least squares systems is to avoid the explicit for-
mation of the normal equations, and instead solve (4.10) with an alternative tech-

nique such as solving it through factorization [27].

Since the weighting matrix P} is calculated from a covariance matrix which is
positive semi-definite, therefore it has real non-negative eigenvalues and real

eigenvectors. With the help of eigendecomposition, PS can be factorized as
P} = V,D;V] = (V;yD;)(V;yD;)" = BB].

Decomposing (4.10) with notation A; = B] [ul} Rcy ;i it yields:
X

A b
f_/\ ~ % "~
Aq A1(pl; + Ryg1pj)
L ph= : (4.11)
Ay Ay (P, + RpaDS)

The above equation must be solved in least squares terms, which means the esti-
mator is calculated as:

plr=A'b (4.12)

4.2.4 Covariance of the estimator

As a result of statistically optimal weighting the estimator covariance can be com-

puted as:
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-1
P = <ZATA> (4.13)
i=1

It is worth to mention that A;-TAi matrices are rank deficient, therefore the inverse
calculation accuracy can degrade especially when the number of samples is low,

thus the application of pseudoinverse is recommended.

4.3 The recursive version

An additional advantage of decomposing the linear system is that the estimator
takes the form of a general LS solution, for which the recursive version is easy
to find. Initially, let’s formalize the estimation until the i estimation based on

(4.12):

Pl = (ZA?Ai) (ZA ) ¢ bis (4.14)

i

note thatb; = P f1 p{; Then the (i + 1) estimation is:

pi,i—i—l P vl +1( 1—|—1yz+1>

p i+l < pnz + A1+1yl+1)

N T
P <( i1 1+1Az+1> Pi,z‘ + Ai+1Yi+1>

= PJ,; tP 1+1A1'T+1 (Yz'+1 - Ai+113£,1~> ,

(4.15)

where A; 1 and y; 1 can be calculated from new data, and the covariance matrix

can be propagated based on (4.13):

-1
1 T
Pr= () +Al AL (4.16)

33



CHAPTER 5

SYNERGIZING LOST AND ESKF

FOR ROBUST NAVIGATION

In the previous two chapters, the applied filter technique and triangulation ap-
proach were introduced, and now the focus shifts toward the integration of the
two methods. This integration process will begin by examining the impact on the
Kalman gain, a crucial component in the navigation system. Furthermore, the

discussion extends to the role of cross-covariances in the process of integration.

5.1 The modified Kalman gain

The derivation of the Kalman gain is based on [28], but adopted to the imple-
mented system. Firstly, the integration affects the Kalman gain because forming
the residual involves both the triangulated feature position and the filter state.
Previously, only the uncertainty of the state was assumed, but as soon as the true
values of the 3-D feature position are not known, then its uncertainty should be

taken into account too.

The derivation of the new Kalman gain requires looking into the prediction step
of the ESKF because compared to a conventional Kalman filter, the ESKF has
multiple prediction steps between two updates. The true value of the error-state
is given by (3.17) and the predicted error-state by (3.18b), extending them for N
prediction it yields:

1

N_
OXpiN = ( Fx,k+j> oxy +
j=0

N-1 [/ N-1
Yol I Feprt | Fijerjins

=0 \I=j1 (5.1a)

= PFY6x; + SFi
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N-1
0%y = ( Fx,kﬂ-) 0% = PEYO%y, (5.1b)
j=0

where the - superscript denotes that these states are the result of the forecast alias
prediction step. Next, using the above formulas the linearized actual and the

estimated measurements can be written as:

ZpyN R h(Xeg N, Pi,k) +Hy g noxp v + H f,k+N5P£,k +dug N (5.2a)

2eN ~ h(XerN, Pf;k) +HypinoX v+ H f,k+N5f>£,k (5.2b)

After the measurement update, the new a posteriori estimation is:

Oy N = 0%,y + K(zkyn — 2y nN) 5.3)

= 0%y + K(Hy g NOXpy N + H f,k+N‘5p£,k + dugyn),

where 0%y N = Xy N — 0% and 5f>£+N = (5p£+N — 515{+N were considered as

the error of estimations. Then the error of the estimation can be expressed:

€N = 5xk+N — 5§(k+N :PFXN((Sxk — 5)A(k) + SFlNl (5 4)

— K(H, j NOXpy N + Hp,k+N(513£,k + duy, )

Substituting 6%, n into the above equation, utilizing e, = x; — 6%, and collect-

ing the terms leads to the a posteriori error:

T, Ty

ls ~N

. e B
€ +N = (I — KHx,k+N) <PF§>{ek + SFZNI) - KHp,k—l—N 5p£,k - K5uk+N (55)

In order to give an optimal solution for the Kalman gain the a posteriori covari-
ance should be expressed, but this requires some considerations. The first is that
our approach updates the state first, then optimizes the feature coordinates with
the same measurements which leads to correlation between e, and 513]’;](. The
other is that in the above equation, the true error state appeared which covari-

ance is calculated by (3.18c) and here the result of this equation will be denoted
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as P Then the a posteriori covariance is:

k+N*

Prin = E{exinel iy}

¢

N\

TP, T! + T E{op], (69 )T} T} + K E{ou, nouf, v} K
= A\Y

~ T,PF, E{ex(dp] )T} T - Ty E{op] el }(PF)TTT
—_— ~———

(5.6)

xf fx
Pk Pk

Now, in the last steps, only an optimal Kalman gain should be calculated, in the
sense that it minimizes the trace of the posterior covariance. For starters, let’s

formalize the a posteriori covariance by extracting the terms containing K:

Prin =P y—K <Hx,k+NPk_+N +H f,k+NP£x(PFx)T>
— T Xy T T
~ (Pp NHL ey + PEPH] ) K 7
+K (Hx,k+N Pein H£k+N tHppin P{:H},kw +V

+H, 1 NPF<P/ + Hp yPLx(PF,)THT +N) KT

Finally, the optimal Kalman gain can be computed from the above equation:

_ otr(Prin) _ (

— T XfeeT
K=—3¢ P nHyern + PEcPy Hf,k+N>

1
+Hy oy NPFcPY + Hipy yPLx(PE) THE )

5.2 Cross-covariance estimation

First of all, I would like to make it clear currently the development is not there to
account for correlated errors and to enable full integration of the two methods,
although, there are a few ideas that can be a future solution and the objective of

this section is to introduce them.
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One of them is introduced in [29], called Gaussian cosimulation which utilizes
the positive semi-definite property of covariance matrices and decomposes them

as:

P; = E{yiy{ } = LiL] P, = E{yzy;} = L,L] (5.9)

Afterward, the method introduces a tuneable parameter p and creates the covari-

ance matrix as:

E{y1y3} = pLiL] (5.10)

Since the covariance of the 3-D coordinates of the feature point and the state are
not the same dimension, it raises further questions about how can be this method

used to generate cross-covariances into the filter update.

37



CHAPTER 6

DEVELOPMENT

The initial simulation was developed by SZTAKI System Control Laboratory
(SCL) using Matlab /Simulink under the R2019b version, which formed the foun-
dation for subsequent development. The simulation incorporates various tool-
boxes, including aerospace, UAV, navigation, and real-time Simulink, among oth-
ers, to enhance its realism. The aircraft model utilizes the parameters of Sindy!,

while the environment is represented using the WGS84 convention.

During the development, I had to integrate a filter into the simulation, which
is mainly based on a user-defined Matlab function block. This block gets the
true-state of the aircraft as input and uses this data to project feature points on
a camera screen. It also runs an ESKF at 50 Hz, which performs a measurement
update after every 10" prediction meaning 5 Hz update rate. The results which
will be presented are created with simulated noises. The noises are assumed to be
isotropic Gaussian white noise, which means their distribution is A (0,¢I). The

exact dispersion parameters are presented in Table 6.1.

Name Notation | Value | UoM
Angular velocity measurement noise T 1 3
Acceleration measurement noise Ty, 0.1 I%
. . g
Accelerometer bias noise Tiga 5 T
. . [©]
Gyroscope bias noise Tl 100 | NiT

Table 6.1: Noise summary

6.1 Camera configuration

In the real-world realization, a Basler camera will be used, therefore its parame-

ters were used to configure camera projection. The focal length is 1177.5 px, and

Ihttp://uav.sztaki.hu/sindy/home . html
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the size of the image is 2048 x1536 px. The principal point is the image’s center,
thus P,=1024 px, P,=768 px.

During the simulation, I placed a huge amount of feature points on the Z=0 plane
of the NED system, which is under the flight path. The angle of the camera (f) is
—45°, therefore most of the time a lot of feature points are visible in the camera

image.

Based on [30], the best practice is to choose feature points equally from each side
of the image, because the feature points move mostly at the edges of the image.
To sum up, the current solution selects the first 19 visible feature points in a band
from the left, right, bottom, and top edges of the image and uses only those that
are sufficiently converged. The width of the edges is configurable, an example

from the simulation can be seen in Figure 6.1 with 200 px width.

Feature points on the image plane

0 T ™
| |
| |
|
____;_ ________________ x___x___x___*___x___'____
| |
| :x
|
o : %
w |
500 | | |
h | |><
I |
2 : 1
| |
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| |
| |
|
| .
1000 f | 1 *
1
s : 1
| 1
| % Feature points
| I
- — R
1 y 1
| % * |
1500 | e !

0 200 400 600 800 1000 1200 1400 1600 1800 2000

Figure 6.1: Camera image example

6.2 Simulation setup

The development was done in successive steps, hence the steps:
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1. Without any perturbation and update step the filter just integrated the nom-

inal values through time, this validated the correct nominal equations.

2. In the next step, I added process and measurement noises to the system,

and the updates were performed by the true value of feature coordinates.

3. Next, I also added biases to the system but still used the perfect values of

feature positions.

4. After validating the correct functioning of the filter, I checked the perfor-

mance of the triangulation method with the usage of true-state values.

5. Finally, the last step is ready a version of the filter, when the LOST estima-
tions were integrated into the filter update, but the LOST used GPS values

as input for triangulation.

I present the results of the (5) step, where the filter was started at 2s.
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1400
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0 20 40 60 80 100
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Figure 6.2: NED coordinates
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Figure 6.2: NED coordinates (Continued)
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Figure 6.3: Euler angles (Continued)
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Figure 6.4: Body-fixed velocity
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Figure 6.4: Body-fixed velocity (Continued)
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CHAPTER 7

CONCLUSION

In summary, the integration of ESKF and LOST with assuming known GPS co-
ordinates in the triangulation method can be regarded as a success. However,
further advancements are necessary to ensure its practical viability in real-world

scenarios. These enhancements encompass the following:

1. Creating a useful cross-covariance estimator method and integrating it into

the filter framework.

2. The integration of genuine image processing algorithms into the ESKF

framework, leading to:

(@) The incorporation of camera imperfections, such as lens distortion er-

rors into the simulation.

(b) The enhancement of the measurement update process to rely not solely
on a single camera image but also on track information pertaining to

feature points.

3. The development of a back-end component for the filter.
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APPENDIX A

QUATERNION OPERATIONS

All of the following formulas can be found in [18].

The Hamiltonian-quaternion multiplication (®) is defined as:

Pwdw — Pxqdx — Pyqy — Pz4z

qop s |PeTe T Pt P =Py | Polw = Py 9o A1)
Pwly — Pxqz + Pyqw + Pzfx Pw9o + quwPo + Po X qo
| Pwiz + Pxy — Pyfx + Pzqw |
The conjugate of a q quaternion is defined as:
L qu—qo=| ™ (A.2)
_qv
The inverse of q quaternion is defined as:
q = H:Hz =vq (llqll=1) = q"=q7", (A3)

where the equivalence of the conjugate and the inverse of unit quaternions is
similar to the unitary property of the rotation matrices, which leads to the equiv-

alence of the transpose and inverse matrix.

The next important property of quaternions is that the quaternion product can be

expressed in matrix form:

Q1 Oq = [qJ [ L NOR = [qz} Y (A.4)
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where [qlh and [qZ}R are the left- and right- quaternion-product matrices,

which can be derived from (A.1) and (A.4):

O _qVT

qv [qv] y (A

[q] LT Juwlyxq + [ ] , [q} R Juwlaxa +

The relation between quaternions and rotation matrices can be derived from

(2.10), (A.4), and (A.5):
10
B Rv

0
V/

From above the direct conversion from quaternion to rotation matrix can be ob-

=q® (A.6)

oot fv], I, |

A\

A\

tained using (A.5) and results in:

R{q} = (7% — 40 q)I3x3 + 2q90q} + 270 [qv] . (A7)

A.1 Rotation vector to quaternion formula

The v = 0u rotation vector represents rotation around u axis with 6 angle. The

operator is denoted by q{v} throughout this paper and can be written in the form

gl

A.2 The time derivative of quaternion

of:

When determining the time derivative of a vector, the goal is usually to specify
the formula for the derivative in an inertial (fixed) frame with parameters known
in a body (not fixed) frame which is only rotating, but not translating in the iner-

tial frame.
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Two approaches exist to writing the derivative of a quaternion: one is using an
inertial frame-, other is using body frame- known parameters to describe the an-
gular velocity. The angular velocity measurements are typically captured in the

body frame, hence it is more practical to choose the second way:.

Firstly, I will give the quaternion form of the angular velocity:

A dp (1) . AP a8 . q{Ap,} . Aqg
£ TV — Iim & "= lim &7 — |im —%
we(t) dt A}§0 At Aglo At Aigo At
cos(A6,/2) 1 1 (A.9)
sin(Af,/2)u (AB;/2)u Agp /2
= lim ~lim ———= = lim ————
At—0 At At—0 At At—0 At

Now, the next step is to write the time derivative of quaternion and use results

from the previous equation:

dq(t) _ . qt+A)—q(t) _ . 4c99-q
dt At—0 At At—0 At
0 / ©q (A.10)
_ A 2 0
= lim (ac—aq)@q _ lim be _! ®q,
At—0 At At—0 At wr

where the distributive property of quaternion product over sum was used, and q
denotes the identity quaternion!. It is crucial to note that, the q(t + 6t) quaternion
is utilized by multiplying q with q, from left because it stands for Earth-to-body

rotation.

Igg=1[1 0 0 0]"
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A.3 Jacobian of quaternion rotation with respect to

the vector

To derive the derivative respected to the vector is very easy because the rotation

matrix form can be applied:

[o

0

qaxq  |Ra]

L - L= —R (A11)

A.4 Jacobian of quaternion rotation with respect to

the quaternion

The derivative of the rotation with respect to the quaternion q is a bit more dif-

ficult, but can be derived straightforwardly with the usage of (A.6) and (A.7).

w
Using a lighter notation for the quaternion: q = , the rotation is:
\4
ad =qra®q*=Ra= w?a—viva+2vvia—2w [a] \% (A12)
X

The Jacobian by the quaternion can be achieved by calculating the derivative of

the scalar- and vector- part:

/
g_a =2(wa+vxa)
a;‘i (A.13)
oa _ T T T
- 2(v'alz +va av w [a] X)

Using these results the Jacobian with respect to quaternion is:

Hq@a®q¥)
Jq

=2|wa+vxa | vTaI3+vaT—avT—w[a] } (A.14)
X
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APPENDIX B

ESKF-RELATED EQUATIONS

All of the following formulas with little difference can be found in [18].

B.1 True rotation matrix

Firstly, I would like to introduce the ODE of rotation matrices. The rotation matri-
ces have orthogonal properties, therefore their inverse is equal to their transpose,

which results in the:

RRT =1 (B.1)
Considering the time derivative of the above yields:

%(RRT) =RR"+RR" =0
RR” = -RRT /T (B.2)

RRT = —(RRT)T,

which means that, RRT is skew-symmetric matrix, therefore there exits an w vec-

tor which results in:
RRT = M / « R

X (B.3)

R = M R

X

Here, the second row represents the ODE of rotation matrices, which creates a
relationship between the derivative of a rotation function, denoted as r(t), and a
quantity represented by w. When considering the scenario around the origin, the
certain equation simplifies to R = [w] % Here, w can be interpreted as the vector

representing instantaneous angular velocities. This understanding sheds light on
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the Lie algebra so(3), which can be seen as the space of derivatives of r(t) at the
origin. It also serves as the tangent space to SO(3), the special orthogonal group

describing three-dimensional rotations.

If w is constant, (B.3) can be time integrated as:

R(t) = L “R(0) (B.4)

ol - |
The e{ x expression stands for the rotation matrix related to wt = v rotation
vector. This means that the error rotation vector J6 has the connection between

the nominal- and the true- rotation matrix:
t e o \ ¥ ( . )

where the error rotation matrix is described as the exponential of the skew matrix

of the error rotation vector, which can be written in Taylor series:

eM . kki:% [‘SGK (B.6)

After neglecting the second and higher order members we got the form in (3.4).

B.2 Error-state equations

The error-state can be expressed easily as the composition of the true-state (3.5)
and the nominal-state (3.8). As it was detailed in Chapter 3 the error state remains

small therefore second-order errors are negligible.

B.2.1 Position error

5pn =Put —Pn= RT (I — [59] x) (Vb - 5Vb) - RTVb

= —RT [(56} Vot R 6v,,

(B.7)
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where nominal state and second-order error were simplified. Using the anti-

commutative property of cross-product, it can be written in the form of:

5pn = RTov, + RT [Vb} R (B.8)

B.2.2 Angular error

Calculating the angular error equation requires more complicated steps because

it desires to use the derivative rule of the quaternion product:

(bq®q) =0qRq+dq®q (B.9a)
_ 1
=0q®q+iq® - ®q (B.9b)
2 w

In (B.9b) the definition of quaternion derivative was used for local angular ve-
locities and earth-to-body rotation. This equation is equal to the dynamics of the
true quaternion state, which is defined in (3.5b), therefore simplifying with the
terminal q and isolating dq yields:

0
®éq—0q® [ ]
w

26q =

wt
y (B.10)
0 0
Converting dq to 660 and performing the matrix substraction results in:
0 0 —(wy — w)T- [ 1 |
| = o | Hourse|?)
00 w; — w [wt + w] =
A (B.11)
o et ogiser
= +
dw [Zw + (Sw} 2
xXd L .




From the above arises a scalar- and a vector- equality. The scalar part is formed
by second-order infinitesimals, which is not very useful, therefore only the vector
part should be expressed. After neglecting second-order terms and substituting

parameters from Table 3.1 into the nominal- and error- parameters yields:

60 = |wy — B, 00— 0B, — 1, (B.12)

B.2.3 Velocity error

The velocity error is derived very similarly to the position error:

5"1) :Vb,t —Vb = a+c5a+ (I+ [5@])() Rg— |:w—|—5w} y (Vb—l—cva)
(B.13)

~(a+Rg— |w| W)

Simplifying with nominal state and neglecting second-order terms gives the fol-

lowing equation:
ovy = da+ (60| Re+[sw| vi—|w]| ov, (B.14)

To achieve the final form of the equation, parameters inserted from Table 3.1 into

the nominal- and error-state, which results in:

o=~ [ns] 0~ o —p.] o8, [s] 38,

(B.15)
M, [Vb] » Nw
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B.3 Jacobian of true quaternion with respect to the er-

ror rotation vector

The relationship between the true quaternion and the error rotation vector can be

determined using the chain rule, which can be formulated as follows:

d(0q®q) 9(dq® q)adq

956  95q 946
1
3([a] 49) [%50] 1 A [0T]
5q 050 21Uk, 5.16)
qx —qy 4z
1w 4z —ay
4z Juw  qx
| vy —qx  Huw |

B.4 Jacobian of reset function (g) with respect to the

error rotation vector

The goal is to determine the derivative of (3.29b) by the error rotation vector J6.
Firstly, I aim to formalize that equation with rotation vector parameters, neglect-

ing the constant terms:

N 1
q{ae}®q{5e}[q]R{[ 156” | T OUIIR)
2 2
| +0(]]86] )
— 1o 1 [%Xe]x 150 (B.17)

1+ 150756

A ) +0(]]68]%)
160+ 1 (I + | 160] X) 50
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This is equal to the error quaternion after the reset. Denotating the error rotation

vector with 0 the following equation can be written:

{ 1 ] 1+ 180" 60

=1 . A + O(||56]]%) (B.18)
150+ 1o0+1 <I - [%59] X) 50

The above equation splits into a scalar- and a vector- part, where the scalar part is
formed by second-order infinitesimals, therefore it is not very useful, additionally
the constant member in the original (3.29b) equation is responsible for exactly this

neglect. Only considering the vector part, the Jacobian:

9|06+ (1+ 150 )59)
03(00) _ 006" _ ( [2 L 1+ [156} (B.19)
260 050 960 2V '
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ABBREVIATIONS

BME
EKF
ESKF
GPS
IMU
INS
KF
NED
RMSE
SCL
SZTAKI
UAS
UAV
3D

Budapesti Mtiszaki Egyetem
Extended Kalman Filter
Error-State Kalman Filter
Global Positioning System
Inertial Measurement Unit
Inertial Navigation System
Kalman Filter
North-East-Down

Root Mean Square Error
System Control Laboratory
Szamitastechnikai és Automatizalasi Kutatéintézet
Unmanned Aerial System
Unmanned Aerial Vehicle

Three-dimensional
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